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We consider the behaviour of a passive tracer in multiscale velocity field, when there
is no separation of scales; the energy spectrum of the velocity field extends into the
region of long waves and even can be singular there. We suppose that the velocity field
is a superposition of random waves. The turbulence of various ocean or atmospheric
waves provides examples. We find anomalous diffusion (sub- and super-diffusion),
anomalous drift (super-drift), and anomalous spreading of a passive tracer cloud. For
the latter we find the existence of two regimes: (i) ‘close’ passive tracer particles diverge
sub- or supper-exponentially in time, and (ii) a ‘large’ passive tracer cloud spreads
as a power-law in time. The exponents, as well as the corresponding pre-factors, are
found. The theory is confirmed by numerical simulations.

1. Introduction

Many studies (see e.g. Bensoussan, Lions & Papanicolaou 1978; Sheng 1995; Majda
& Kramer 1999; Cherkaev 2000; Milton 2000; Sobczyk & Kirkner 2001) consider
media with microstructure, which has variations on some microscale [, whereas the
macroproperties, on some macroscale L, are under investigation. It is assumed that
I < L. To study such situations, the effective medium approximation is developed.
Sometimes the medium has several microscales, all of them being much smaller than
the macroscale L. Sometimes the variations on the macroscale are also included,
which are taken into account by some procedures, such as WKB. What if the medium
has variations on all scales from microscale | to macroscale L? This situation occurs
in several practical problems (see also §8). This paper considers such a situation.
We chose the passive tracer problem because of the simplicity of the underlying
equation. When the molecular diffusion is negligible, the passive tracer equation can
be reduced to an ordinary differential equation, and so, the theoretical predictions
can be effectively tested by numerical simulations.

Consider the dynamics of a passive tracer in a random velocity field »(x,t), so that
the concentration ¢(x,t) of the tracer obeys the equation

a9

ot
where k is the molecular diffusion coefficient. In this paper we assume that the
molecular diffusion is negligible (infinite Péclet number) — as often happens in practical
problems. Then the theoretical predictions can be tested by numerical simulations of
the ordinary differential equation # = v(r,t). The statistics of the velocity field v(x,t)
is given. The problem is to find the statistics of the passive tracer field ¢(x,t), in
particular, its first statistical moments.

+ Vo(r, t)p] = Vo, (1.1)
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This problem of passive tracer was intensively studied for many years (see e.g.
reviews Batchelor & Townsend 1956; Majda & Kramer 1999; and references cited
therein), often under the assumption of well-separated scales. The long-time large-
scale behaviour of the passive tracer concentration is considered while the velocity
field is short-range correlated. In particular, several authors studied the white noise
model (Kraichnan 1968), when the velocity field is delta-correlated in time. Some
studies also consider the opposite limit of well-separated scales. The passive tracer is
observed during ‘short’ time, much shorter than the characteristic times of the velocity
field (see e.g. Batchelor & Townsend 1956).

In this paper, we consider the intermediate situation. The observation time ¢ is
well inside the range of time scales of the velocity field. The energy spectrum of the
velocity field has long inertial range, so that some time scales of the velocity field are
shorter than ¢, and some are longer than t. As time t progresses, more and more time
scales of the velocity field become shorter than t. We call this situation anomalous;
in particular, it leads to the anomalous diffusion and anomalous drift.

Avellaneda & Majda (1990, 1992) have introduced a shear flow model in order to
analyse the effect of large scales of the velocity field on the behaviour of the passive
tracer. Unlike their study, we do not assume any specific geometry of the fluid flow.
However, we assume that the velocity field is a superposition of random waves

v(r,t) = Re / ciby exp(i(k - r — Qut)) dk. (1.2)

Here k is a wave vector, €y is the dispersion law; ¢, are the wave amplitudes, which
are time independent random variables; and b, is the polarization vector, which
defines the multidimensional motion of the fluid particles. In particular, the flow can
be compressible (if the flow is incompressible, then k - by = 0). The dimension d of
the medium can be arbitrary; Re denotes the real part.

The behaviour of a passive tracer in a wave field was considered by Herterich &
Hasselmann (1982), Weichman & Glazman (1999, 2000, 2002), Balk & McLaugh-
lin (1999) under the assumption of well-separated scales, when the characteristic
wavelength is much smaller than the transport distance of a tracer particle.

In this paper, we consider the situation when the energy spectrum of the velocity
field extends into the region of long waves (and even can be singular there), as well as
in the region of short waves; so, there is no separation of scales. We can say that our
model attempts to resolve the delta function J(t —t’) of the velocity correlations in the
white noise model (if the observation time ¢ is much larger than the longest time-scale
of the velocity field, then we can assume that the velocity field is delta-correlated in
time; for shorter observation time t we must take into account the details of the time
correlations).

The assumption that the velocity field is a superposition of waves (1.2) allows
us to approach this problem with perturbation methods. We assume that the waves
travel fast whereas the fluid particles move slowly. As usual in dynamical problems,
the perturbational approach is not straightforward, since the small perturbations can
lead to large effects over long times. In this paper, we develop the statistical near-
identity transformation. It is motivated by the usual near-identity transformation
(see e.g. Bogoliubov & Mitropolsky 1961; Sanders & Verhulst 1985) from the theory
of dynamical systems and by the Wiener—Hermite expansion (see e.g. Wiener 1958;
Eftimiu 1990).

This approach can be applied not only to the passive tracer problem (1.1), but to
various wave turbulence problems. Moreover, the calculations in the general situation
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turn out to be simpler since we do not need to pay attention to the details of the
specific situation of the passive tracer. We consider the passive tracer equation (1.1)
as a representative of a class of linear dynamical equations with random coefficients
(§2). We show that this class includes, for example, the Schrodinger equation with
random potential.

After we describe the statistical near-identity transformation in §2, we discuss the
evolution of the average concentration in § 3 and the behaviour of the two point (same
time) correlation function in §§4, 5, 6 and 7. Section 4 contains material applicable
to the general situation (described in §2.1.3), and in § 5 we specify the general results
to the spreading of the passive tracer cloud. We find two regimes of anomalous
spreading: (i) for small clouds (§6) and (ii) for large clouds (§ 7).

In the following subsections, we discuss physical questions, the basic scales charac-
teristic to the passive tracer problem, and our main physical predictions.

1.1. Physical questions

Our investigation centres around the following two scenarios.

(i) Imagine that somewhere in the ocean we have put a small piece of wood.
How will it be transported (on average) by the turbulence of the ocean waves (of
various types)? Alternatively, we can think about an air balloon put somewhere in
the atmosphere. How will it be transported by the turbulence of atmospheric waves?

This is the question about the evolution of the average concentration {(¢(r, 1)), (...)
denotes the average over the ensemble of the velocity fields.

We normalize the function ¢(r,t) so that it is a probability of finding a particle at
point r at instant ¢:

/(p(r, fydr=1. (1.3)
We consider the mean displacement of a tracer particle
R=(r) = / Fp(r,1) dr (14)

and the variance tensor of the mean square displacement
D= (v R)r = RY) = [ (= R)r — RY (gl dr (15)

(the prime denotes a transposed matrix; so that ' is a row, while r is a column). The
mean square displacement is

o2 = {|r — R|*) = Trace(D). (1.6)

We find the anomalous diffusion and the anomalous drift of the tracer.

(i1) Imagine that oil is spilled in the ocean. How will the oil spot spread? Alter-
natively, some pollution was released in the atmosphere. How will the polluted area
spread owing to the various atmospheric waves? What is the characteristic size of the
polluted area as a function of time?

These questions are related to the evolution of the two point (same time) correlation
function (¢(rq,t)p(ry,1)). In particular, we consider the variance tensor of relative
displacement between two particles

S=((r—r)r—r)) = /("2 —r)(r2 —r){@(ri, )" (r2, 1)) dridry. (L7)
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Although in the passive tracer case the function ¢ is real, we use complex conjugated
¢ in this equation, so that the matrix S is real in the general situation (see §§2.1.2
and 2.1.3). The diameter p of the passive tracer cloud is

p* = {Jr, — r1|*) = Trace(S). (1.8)

The main physical goal of this paper is to find the evolution of the quantities R(t),
D(t), and S(t). We study the anomalous situation, when the observation time ¢ is well
inside the range of time scales of the velocity field.

1.2. Basic scales

In order to use perturbations, we assume that the velocity of the fluid particles is

much smaller than the velocity of waves. If the velocity field were characterized by

some length scale, then we would naturally define the small parameter as
characteristic speed of the fluid particles

= — : . 1.9
€~ Characteristic group velocity of the waves (19)

Such a situation takes place when the energy spectrum ¢; of the velocity field has a
clear pick near some wavenumber K, and vanishes away from Ky, e.g. &, = 0 when
k < %KO or k > 2Ky. Then as a characteristic wave speed, we can take the group
velocity 0Q/0k evaluated at the point K, while as a characteristic fluid speed we can
take the root mean square velocity u,

M=£=/WM.

However, in several practical situations the energy spectrum extends through a
wide range of wavenumbers. What is the small parameter in such situations?

For example, the dispersion law €, and the energy spectrum ¢, can be power-law
functions of the wavenumber k = |k| (with some possible angular dependence) in a
large inertial range:

k
Q= Ak*P <k> (x > 0), (1.10)
_ kY . . .
g =Ck7'Y <k> in some inertial interval K ;, < k < K,4. (1.11)

We assume that the exponent « is positive, but the exponent y can be arbitrary
(positive, or negative, or zero). Since we have introduced the constants .o/ and €,
we can assume that the functions @ and ¥ (defining the angular dependence) are
dimensionless, and their integrals over the angular variables are equal to one.

The formulae (1.10) and (1.11) introduce dimensional parameters .o/ and 4 (of
has dimension m*/s, and % has dimension m?>**~7/s?). By dimensional considerations
these constants define the length scale ¢ and the time scale t

E=(6)AH)°, t=(1)A)* where 6 =2+d—y— 20 (1.12)

The applicability of the perturbational approach depends on the relation of the length
scale ¢ to the largest and smallest length scales of the velocity field, namely largest
and smallest wavelengths:

1 1
Amax = - > Amin T —— 1.1
< (113)

min K max
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In other words, the applicability of the perturbational approach depends on the
relation of the time scale 7 to the largest and smallest time scales of the velocity field,
namely the largest and smallest wave periods:

1 1 1 1

P min ’
Quin K Quax  AKY

min max

(1.14)

In accordance with (1.9), we could require the root mean square velocity u to be
much smaller than the slowest wave speed. However, this requirement is too strict.
For instance, if the energy & diverges at small scales, the particle velocity u is
infinite. However, small scales give only an insignificant contribution to the turbulent
transport, and so, the perturbational approach can be applicable.

It turns out to be sufficient to compare the fluid velocity and the wave velocity
only at the same scale. So we define the small parameter € in the following way. Let
&k be the energy of scale K, i.e. the energy in the shell %K < k| <2K:

601( = / Ek dk.
K /2<|k|<2K

Then € is the maximum of the ratio of this energy to the square group velocity of
the waves with the same wave number:

Kmin<K <Kmax (aQ/aK)Z '

In the power law situation this definition gives

© 1 , 1 K=K,;, if 6<0
2 _ 7 po d—y _ = _ min 5
© =28 aa=y (2 2dv> where K { K =Kpa if 6> 0.

The sign of the exponent § determines which side of the inertial range (of the
velocity field) the small parameter depends on. If 6 < 0, then ¢ depends on the large
scale cutoff; if 6 > 0, then ¢ depends on the small scale cutoff. In this paper, we
concentrate on the situation of negative ¢ (Balk (2000) contains an example of the
opposite situation, when 6 > 0). So, without the constant factor, the small parameter
is

€

e = %K,‘;m = (EKmin)’. (1.15)

Even this definition of a small parameter can often be too restrictive. For instance,

it may happen that the perturbational approach is applicable only during some time.

During the time ¢ a tracer particle ‘feels’ random waves with wavenumbers k greater

than K (t) = (1/./t)"/*. They are given by the condition 1/Q; < t. So, instead of K,
in (1.15), we can put K(¢):

) ¢ —0/a
& = [EK(1)° = <T> . (1.16)

In §5.1.1, we suggest another applicability condition.

The perturbational approach is applicable even if the total energy [ ¢ dk diverges
at large scales, and the characteristic particle velocity u is infinite. This happens when
y > d. In this situation, the mean square displacement, (1.6), is infinite, but the mean
square distance between two tracer particles can be finite (since large scales convect
the two particles in a similar way). So the characteristic size of a tracer cloud can
remain finite, and we find its evolution.
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1.3. Physical predictions

The velocity field is characterized by a wide range of the space scales 4 and time
scales T':

Amin < 4 < Amaxa Tmin < T < Tmax (117)

(see (1.13) and (1.14)). The behaviour of the passive tracer crucially depends on the
observation scales.

If we observe the passive tracer long enough, during the time t > T, then we have
normal diffusion, similar to Brownian motion. This is the situation of well-separated
scales; long-time behaviour of the passive tracer in a short-range correlated velocity
field was considered by Herterich & Hasselmann (1982), Weichman & Glazman (1999,
2000, 2002) and Balk & McLaughlin (1999). In the first order e, fluid particles in
wave motion have closed orbits (this fact is well-known for sea waves); the particle
displacement over the wave period is of order €, and D should be of order €*. So, in
the order € — which we consider in this paper — the mean square displacement stays
constant: D = const.

If we observe the passive tracer during the short time t < T,,;,, then the passive
tracer ‘feels’ that it is transported by a constant (but random) velocity field, and so,
D behaves like t%, D o * (cf. Batchelor & Townsend 1956).

If we observe the passive tracer during the intermediate time t, Ty < t < Thaxs
then the tracer exhibits anomalous behaviour, which we study in this paper. Practical
situations are provided by ‘large-scale waves’, such as Rossby waves. They have time
scales from months to a few years (see e.g. Gill 1982). In this situation, the observation
time ¢t could be of the order of seasons.

During the intermediate time, short waves, i.e. waves with periods T < t, lead
to normal diffusion. On the other hand, long waves, i.e. waves with periods T > t,
convect passive tracer particles. So, the orbits of the fluid particles are not closed
even at the lowest order e. Therefore, the displacement of the passive tracer particles
is of the order € for each realization of the velocity field. However, when we average
over the ensemble of velocity fields with random phases (of the complex wave
amplitudes), the mean displacement vanishes at order ¢ and turns out to be of the
order of €.

1.3.1. Anomalous diffusion

While the normal diffusion vanishes at order € and appears only at order e*, the
anomalous diffusion displays itself already at order €.

Thus, at order €, the mean square displacement, (1.6), behaves in the following
way. If t < Tpun, then 62 oc t2. If t > Ty then ¢? oc t2. In the intermediate time
interval T, <t < T We can expect anomalous diffusion with ¢% oc t4, 0 < 4 < 2.

We find that the mean square displacement, (1.6), behaves like

o} if yp<d—2a i
o> ={ o if d—2u<y<d Wherei=2+%,
o0 if y>=d
We have sub-diffusion when 0 < 4 < 1, and super-diffusion when 1 < 1 < 2.
Along with the exponent 4, we find the pre-factor 7. We also obtain a formula for
the entire variance tensor (1.5). See formulae (3.8) for the one-dimensional case and

(3.17) for the two-dimensional case. In a general situation (when the dispersion law
and the energy spectrum are not necessarily power-law functions) the variance tensor
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is given by the formulae (3.4) or (3.2); the latter allows for the frequency spreading
around w = .

Balk (2001a,b) presented the numerical confirmation of this prediction. Figure 1
shows the numerical confirmation of our prediction over a five-decade time interval,
during which ¢ increases 10* times. We have agreement not only in the exponent /A,

but also in the pre-factor 2.

1.3.2. Anomalous drift

Besides the anomalous diffusion, we find anomalous drift as well.

Even if the average velocity is zero, the mean displacement (1.4) can be non-zero.
For this it is necessary that the velocity field is anisotropic and compressible (see
§3.2.2).

If t > T, then we have the situation of well-separated scales and normal drift
with R oc ¢, like in anisotropic Brownian motion.

If t <« T, then the passive tracer is transported by an ‘almost’ constant velocity
field, and therefore, R oc t2. To see this, we solve the initial-value problem

P = v(l‘, t)a ”(0) =Tro,

by Picard’s iterations

r(t) = ro + / v(ro,n)dny 4+ O(£%) (t — 0).
0

Now we average this expression over the ensemble of the velocity fields. Assuming
that the velocity field has zero mean ((v(ro, 7)) = 0), we have (r(t)) = ro + O(£?).

In the intermediate time interval T,;, < t < T, We can expect anomalous drift
with Rocth, 1 < pu< 2.

We find that the mean displacement, (1.4), grows like
{th if y<d+1—u y—d—1 1

) where u =2+ A——.
Ritr if d+l—a<y<d+1 o o

Since u = 1, we can have only a super-drift. It occurs only when there is super-
diffusion (1 < 1 < 2), and o < 1.

Along with the exponent u, we also find the constant pre-factor R;, see formulae
(3.10) for the one-dimensional case and (3.18) for the two-dimensional case. In a
general situation (when the dispersion law and the energy spectrum are not necessarily
power-law functions) the drift is given by the formulae (3.4) or (3.2); the latter allows
for the frequency spreading around w = Q.

Balk (2001) presented the numerical confirmation of this result.

The mean displacement, (1.4), and the mean square displacement, (1.5), are char-
acteristics of the one-particle statistics. The two-particle statistics, and its primary
characteristic — the relative mean square displacement (1.7) and (1.8) are also practi-
cally important.

The behaviour of two-particle statistical quantities crucially depends on the relation
of the distance s between the particles and the observation time ¢ to the scales (1.17)
of the velocity field.

If s > A, then the two tracer particles are statistically independent, and therefore

$ =20 = p* =25~

If s < A,;, then the two particles do not ‘feel’ any turbulence; the distance between
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them is just stretched by the flow. If we observe the particles during short time
t < Tyn, then the diameter of the passive tracer cloud grows exponentially with £?:

p(t) = poexp{Be*},

where pg is the initial diameter of the passive tracer cloud (at t = 0), and % is a
constant, see §5.2.2.

For the intermediate range of the separations s, 4,,;, < § < A4, WE can expect to
see anomalous spreading of the passive tracer cloud. As the cloud spreads, more and
more scales A of the velocity field become less than the diameter p of the cloud; the
short scales 4 < p contribute to the normal diffusion, while the large scales 4 > p
contribute to the convection of the cloud. We find the existence of two regimes of
this anomalous behaviour; they are determined by the length scale ¢ (defined by the
constants .o/ and % in (1.12)): (i) p < ¢ and (ii) p > ¢.

1.3.3. Sub- or super-exponential divergence of ‘close’ tracer particles
When the cloud is sufficiently small p < &, the diameter p(t) of the cloud grows
sub- or super-exponentially:

2

o

p(t) = poexp {93([/‘5)/;} where f =2+ # =1—

where po = p(0) is the initial diameter (see §6). Along with the exponent f§, we also
determine the constant pre-factor #4; see (6.5) for the two-dimensional case. Formula
(6.3) describes a general situation, when the energy spectrum and/or the dispersion
law are not necessarily power-law functions of the wavenumber k.

The sub- or super-exponential divergence of the tracer particles saturates at a
certain instant. At this time, the diameter of the cloud reaches the value of order &
and ‘forgets’ the initial value po.

1.3.4. Power-law spreading of a ‘large’ passive tracer cloud

If the initial diameter p, of the passive tracer cloud is large compared with the scale
£, the diameter p(t) grows according to the following ordinary differential equation

. ¢ P y—d ¢ 1+(y—d) /o
gor=a()(8) +o ()

see §7. We find the value of the constant b, but the determination of the constant a
would require the solution of an integral-differential equation, (5.2), which we derive
in this paper.

Ify <d, thena <0 and b > 0; if y > d, then a > 0 and b < 0. For sufficiently long
time ¢ (t € t € Tpay) the cloud diameter p behaves like a power of t:

2b 1\ —d .
<) . =241 if y<d,
p(t) A\ o

¢ a2 (t\' 2 ,
() () P Fs e A

2. Statistical near-identity transformation

The derivation of equations for the averaged behaviour of the passive tracer is
simpler and more transparent if we generalize this case and ignore specific details
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of the passive tracer problem. In this paper we develop the statistical near-identity
transformation for a general linear dynamical system with random coefficients. This
system is a generalization, in particular, of the following two physical examples:
the passive tracer problem (which we reformulate more precisely in §2.1.1) and
the Schrodinger equation with random potential (§2.1.2). The general situation is
considered in §2.1.3, and the statistical near-identity transformation is described in
§2.2. In §2.3, we find the statistical Green’s function G(r,t) that relates the average
{(r, 1)) to the initial condition @q(r) = ¢(r,0).

2.1. The equation

2.1.1. Passive advection

When the molecular diffusion is negligible (x = 0), the evolution of the passive
tracer concentration ¢(r,t) is described by the equation

0o ol
i Viv(r, t)p] = 0. (2.1)

We assume that the velocity field »(r,t) is a superposition of waves with some
dispersion law Q. If the dispersion law is odd, we can rewrite (1.2) in the form

v(r,t) = /ckbk exp(i(k - r — Qt)) dk; (2.2)

without the real part Re; the velocity field, (2.2), is real provided
ch=cy b=b,, Q=-Q,
The representation (2.2) takes place, for example, for Rossby waves
Qe = Qk ky) = ke /(1 + k3 + k).

If the dispersion law is even, Q; = Q_,, we have the following representation of
the velocity field

v(r,t) = \;E /ckbk exp(i(k - r — Qit)) dk + \lﬁ /c*kb*k exp(i(k - r + Qit))dk  (2.3)

(this 1/4/2 normalization is chosen from the energy considerations, see below). The
representation (2.3) takes place, for example, for gravity waves, Q; = +/|k|.

In the case of an arbitrary dispersion law, we represent the velocity field in the
form

v(x,t) = /Aqbk exp(i(k - x —owt))dkdo q = (k,w) (2.4)

where the function 4, = A(k,w) is ‘concentrated’ along some surface in the (k, w)-
space, defined by the dispersion relation of the medium. In particular,

in the case (2.2), A, = cxd(w — %),

in the case (2.3), 4, = Lcké(w — Q)+ Lc’:ké(w + Q).

NG NG

The formula (2.4) works as well when the dispersion law is neither odd nor even.
The representation (2.4) can also describe situations when there is some ‘frequency
spreading’. The function A, is large in some ‘vicinity’ of the surface, defined by the
dispersion relation (not just on the surface itself); it approaches zero when we move
away from this surface.
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For the velocity field to be real, we require that
Aq - Aiq, bk == bik

We assume that the velocity v(r,t) is a Gaussian random field with zero mean,
statistically homogeneous in space and in time. It means that the wave amplitudes 4,
are Gaussian random variables with zero mean (4,) = 0 and variance

(4,4.,) = Eo(k —k)d(w — 1) (Eq = E_).

The spectrum E, = E(k,w) (together with the polarization vector) completely defines
the statistical ensemble of the velocity fields.

The problem is to find the statistical properties of the tracer field ¢(r,t), in
particular, the mean displacement (1.4), the variance tensor (1.5), and the variance
tensor of relative displacement (1.7).

We normalize the polarization vector to a unit, |bs| = 1; then E, = E(k,w) is the
energy spectrum.

When the waves are linear, i.e. their frequency is defined by the linear dispersion
relation (without frequency spreading), we consider the spectrum g

(c165) = e10(ky — k»).
For odd and even dispersion law we have, respectively,
in the case (2.2), E;, = E(k,w) = &0(®w — Qx), & = e, (2.5)
in the case (2.3), E, = E(k,w) = %ské(w — Q) + %ské(w + Q). (2.6)

In both cases, the total energy is
E E/E(k,a))dkda) = /skdk.
We write the passive tracer equation (2.1) in the Fourier representation
fi+ /ik1 * by exp(—iwst)fA30(—k + k2 + k3)dy; =0, (2.7)

where the function fy(t) is the Fourier transform of ¢(r,t) with respect to the spatial
variables

o(r,t) = /fk(t)exp(ik r)ydk  (fr=1"p).

Here and below we use notations of the following type: for any function h, depending
on (k,w) or just on k, we write h; instead of h(k;,w;) (j=1,2,...), e.8 fi1 = fx,, [»=
Jrys b3 = biy Az = Alks, 3).

A similar equation in the Fourier representation also appears in the following
problem.

2.1.2. Schrodinger equation with random potential
This problem is described by the equation

i%—l‘: + Ay — U(r, )y =0, (2.8)

where the potential U(r,t) is a random function.
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We represent the potential in the form
Ur,t) = /Aq exp(i(k - r —wt))dkw q = (k,w). (2.9)

In particular, the potential can be stationary (time-independent), which is the case in
many studies (see e.g. Sheng 1995 and references cited therein). In that case, A, does
not depend on the frequency w, and we can integrate over w. However, we would like
to keep consideration of a more general case, when the potential can depend on time.
That is, we assume that U(r,t) is a superposition of waves (2.9), which means that the
function A, is ‘concentrated’ along some surface (defined by the dispersion relation of
the waves). As in the previous problem of passive advection, the representation (2.9)
can describe situations when there is some ‘frequency spreading’ (the function A4, is
large in some ‘vicinity’ of the surface, defined by the dispersion relation, not just on
the surface itself). If the potential is stationary, the dispersion law of the waves just
equals zero identically.

For the potential to be real, we require that 4, = A~ .

We assume that the potential is a random Gaussian field with zero mean, statistically
homogeneous in space and in time. It means that the wave amplitudes 4, are Gaussian
random variables with zero mean (4,) = 0 and variance

(A,A%) = Ego(k —k)(w — 1) (E, = E_,).

Thus, the spectrum E, = E(k,®) completely defines the statistical ensemble of the
potentials.

If there were no potential (U = 0), the solution p would be merely a superposition
of linear waves

w(x,t) = / frexp(i(k - x — k*t)) dk (2.10)

with wave amplitudes f; being time independent. When there is a ‘small’ potential, the
wave amplitudes become ‘slow’ functions of time, and we consider the formula (2.10)
as the transformation to the new variable f4(t). It satisfies the following equation

fi+ / iexp(i(k? — k3 — w3)t)f2430(—ky + ks + k3)dk, dkydw; = 0. (2.11)

2.1.3. The general equation

The two problems considered above (passive advection and the Schrodinger equa-
tion with random potential), as well as various other problems, can be formulated in
terms of the following equation

fi+ / W _in3f2A3dy; =0, A, =47, (2.12)

with the kernel
W 123 = W_1030(—ky + ky + k)
=U_» CXp(—i(—Gl + 05+ C()3)t) 5(—k1 + k, + k3) (213)

Here ‘1’ denotes ky, 2° denotes k,, and ‘3’ denotes g3 = (k3,w3); the hat symbol
denotes the multiplication by the corresponding delta function.
In the case of the passive tracer

o = 0, U_123 = ikl * b3. (214)
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In the case of the Schrodinger equation
o = kz, U,123 =1 (215)

The function A, is the Fourier representation of a random Gaussian field with
zero mean (A4,) = 0, statistically homogeneous in space and in time. Therefore, the
spectrum E, = E(k, ), defined by the formula

(4,45,) = Ego(k — k1)d(0 — ),

completely determines the statistical ensemble of the wave amplitudes A,.

The problem is to find statistical properties of the field f;(¢).

We assume that the function 4, is ‘concentrated’ along some surface (defined by
the dispersion relation) in the (k, w)-space. The function A4,, as well as the spectrum
E,, is large in some ‘vicinity’ of this surface (they are delta-like functions with a ridge
along this surface). For example, without the frequency spreading

A, =A,0(Ly), E,=E, (L),
where L, = L(k, ) is the dispersion relation, e.g. L, = »? — Q}.

2.2. The transformation

Our goal is to find statistical properties of the field f4(¢), in particular, the ensemble
average (fx(t)). For this we introduce statistical near-identity transformation.

The form of this transformation is motivated by the usual near-identity transfor-
mation known in the theory of dynamical systems (e.g. Bogoliubov & Mitropolsky
1961; Sanders & Verhulst 1985) and by the Wiener—-Hermite expansion (e.g. Wiener
1958; Eftimiu 1990).

2.2.1. Recalling the usual near-identity transformation

Let us first of all recall the usual near-identity transformation from the theory
of dynamical systems. Suppose we want to solve the following ordinary differential
equation

i + w*u = eh(u, u,t)

with a small parameter ¢ (w # 0 is a given constant, h is given function, u = u(t) is
the unknown function). When e = 0, the solution is simple: u = acos(wt + ¢), where
a and ¢ are constants. When the parameter € is positive, but ‘small’, the quantities
a and ¢ become ‘slow’ functions of time: a = a(t),¢ = ¢(t). We can change the
variable (u,u) to variables (a, ¢); introducing the vector x = (a,¢), we write the
original equation in the form

&= eW(x,1). (2.16)

This is the standard form, which is equivalent to the original form (no approximation
has been made). The form of the function W is determined by the function h in the
original equation. The standard form can arise from other equations, and the vector
x can have any dimension. It is supposed that the function W is oscillatory in time,
that is, it can be expanded in the form

W(x,t)=> W,(x)e"

To solve this equation by perturbation methods, we look for a near-identity
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transformation
x=y+eX(y0),

where X is an undetermined function, bounded in y and t. (When e = 0, this trans-
formation is an identity). We choose the function X so that the equation for the new
variable y is the ‘simplest’ possible. We obtain the equation

y=¢€P(y)+ 0.1

So, we have ‘pushed’ the time dependence to the order €. Neglecting the €>-term, we
obtain the first approximation (The method of near-identity transformation is also
called the method of averaging because the function P is the time-average of the
function W: P(y) = Wo(y).)

We can also obtain the second approximation: For this, we consider a near-identity
transformation of the form

x=y+eX(y,t)+EY(y,t),

where X and Y are undetermined functions. We choose these functions so that the
equation for the new variable y is the ‘simplest’ possible. We obtain the equation

y=¢€P(y)+€0(y) + Ry, 1). (2.17)

So, we have ‘pushed’ the time dependence to the order €. Neglecting the e3-term, we
obtain the second approximation.

2.2.2. Statistical transformation, motivated by the Wiener—Hermite expansion

The method of near-identity transformation works well if there are no resonances
(ideally when there is only one basic frequency w; all other frequencies are integer
multiples of w). However, in the passive tracer situation we have a wide range of
frequencies, and there are many resonances. We will use the randomness of the wave
amplitudes in order to develop a near-identity transformation in this situation.

The Fourier transformation of the passive tracer equation (2.1) is similar to the re-
duction to the standard form; equation (2.12) is analogous to the ordinary differential
equation (2.16) in the standard form. To approach equation (2.12) by perturbation
methods, we construct the following near-identity transformation

A 1 A
fi=g + /X—123g2A3d23 + 3 / Y _123482[A3A44 — E30(q3 + qa)] daze. (2.18)
Here, X and ¥ are some undetermined kernels; the hat symbol denotes the multipli-
cation by the corresponding d-function:
X i3 = X(—ky ko, ks ;0)0(—ky + ky + k3),
Y o34 = Y(—ky, ko, ks, kg )0 (—ky + by + ks + ky).

There is no explicit ¢ in the transformation (2.18), but we assume that the wave
amplitudes are small, of the order ¢, so that the first integral in (2.18) represents an
e-term, whereas the second integral represents an e>-term.

The transformation (2.18) contains the first two functions of the infinite sequence
of the Wiener-Hermite polynomials H with respect to the Gaussian random field 4,,:

HY = 4;, HY = 4,4, — E:8(q1 + o),
HE, = A1 4245 — A E>d(qs + 43) — AE3d(qs + q1) — AsE 3(qy + o).
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The Wiener-Hermite polynomials are orthogonal with respect to the statistical av-
eraging: (HVHY) =0 for two polynomials of different orders i # j. Besides, they
form a complete set. A functional of the field 4, can be expanded in a series over
the Wiener—Hermite polynomials. In particular, the solution of equation (2.12) can
be represented by the Wiener—Hermite expansion

fi=Mf]+ /M123ng§])d23 + é/Mm“ngéi) dasa +
1 ~
+ 37 /M—12345ng§§1)5 dyzas + -+,

with some kernels M, M_123, M_1234, M_12345, ... . The function f{ denotes the initial
condition, fz(0) = f2. The transformation (2.18) could be considered as a truncation
of the infinite Wiener—-Hermite series. Herewith, we also change the term M;f} to a
new variable g (t).

The Wiener—Hermite polynomials motivated our form of the near-identity transfor-
mation (2.18). With the aid of this transformation we intend ‘to push’ the randomness
to the e’-order, similar to ‘pushing’ time-dependence to the e’-order in the second
approximation, (2.17), of the usual near-identity transformation method.

2.2.3. Change of variables

We consider equation (2.18) as a change of variables from the old variable fi(t) to
the new variable g,(t).

Without loss of generality, we can assume that the kernel Y 1234 18 symmetric with
respect to the transposition of the last two indices: Y _ 1234 = Y_ 1243 (this is the reason
for introducing the normalization factor 1 5 in front of the integral with Y_ 1234)-

Substituting (2.18) into equation (2.12) for fx(t), we arrive at the following equation

for gi(t)

g1+ /)?123&/13 dy+1 / Y _i2uga[A3As — E3d(q5 + qa)] dosg

+ /Xmg'z/la dys + 1 / Y 12482 [A3As — E38(q3 + qa)] dasg

+ / W—m
{gz + /X 2568546 dse + 3 / —256785[A6A7 — Ec0(qe + q7)] d567} Azdy =0.

(2.19)

2.2.4. The kernel choice

In accordance with the general idea of the near-identity transformation, we choose
the kernel X_;5; so that the terms linear in the field A, disappear from equation
(2.19). This is possible if

X_i153=—W_»3 provided —k; +k, +k; =0. (2.20)

Then ¢, = O(e?), and the integrals with time derivative ¢ have the order €*. So, we
obtain the following equation

g1+ é/?—1234g2 [4344 — E30(q5 + g4)] da3g

+ / W 123X 256854643 da3se + e{..}=0. (2.21)
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Now we want to choose the Y -kernel to ‘kill’ the second-order Wiener—-Hermite poly-
nomial Hﬁ) = A3;A4— E50(q3 + q4). For this, we make the first and the second integral
in (2.21) look similar. First, we rename the integration variables in the second integral:

552,353,654 2->5= / W 153X 524824443 dasas;
then we symmetrize this integral with respect to transposition 3 < 4
% / {W,153)?,524 + W7154)27523} 224344 d23ss

and write 4344 in the latter integral as 4344 — E30(q3 4+ q4) + E36(q3 + q4). As a result,
we rewrite equation (2.21) in the form

g1+ % / Y _i34g2[A3A4s — E3d(qs + q4)] dasg
+ % / {W7153X'7524 + I/f/7154)27523} 2,[A344 — E30(q3 + q4)]

+1 / W_153X_s1_38:E30(—k; + ks + k3)dss + €*{...} = 0. (2.22)

We choose the kernel Y_i534 so that

Y—1234 = - VV—153XV—524|k5:k1_k3:k2.~.k4 - VV—154XV—523|k5:k1_k4:k2+k3 5 (2'23)

then the second-order Wiener—Hermite polynomial Hgﬁ) = A3A4 — E36(qs + q4) disap-
pears from equation (2.22). Thus, we find the following equation

g1+ g1 / W_13X 91 3E30(—k; + ks + k3)dys + (...} = 0. (2.24)

So, we have pushed the randomness to the e’-term. Neglecting it, we obtain the
approximation that we use to find the evolution of the mean (fi(¢)).

We would like to emphasize that we do not use the series expansions. To derive
equation (2.24), we do not work with series, and we ignore convergence (about the
behaviour of nth term in the series as n — oo). Instead, we change the variables (2.18),
which is a finite sum of three terms. We think that this approach via the statistical
near-identity transformation would enable us to justify equation (2.24) rigorously.

2.2.5. Simplified transformation

The kernel Y_jp34 does not affect equation (2.24). It is usual for a near-identity
transformation that the highest-order term in such a transformation does not affect
the corresponding approximation (see e.g. Bogoliubov & Mitropolsky 1961; Sanders
& Verhulst 1985). We could obtain equation (2.24) in the following, simpler, manner.
Instead of (2.18), we could have made the transformation

fi=g + /X123g2143 dos, (2.25)

without the Y -term, and obtained the equation

g1+ /)A(_123g2143 d23+/f(_,23g'2A3 das

+ / me {gz + /}?256g5146 dse} Azdy =0. (2.26)
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As previously, we choose the kernel X_ 1,3 according to (2.20), so that the linear terms
in the field 4, disappear from equation (2.26). Then g, = O(€?), and the integral with
time derivative ¢ are of order €. Instead of equation (2.21), we have

g1+ / W 123X 556g5AsAs dazse + ef..}=0. (2.27)

Now we average this equation with respect to the random variables 4,, assuming
that g-variables are statistically independent of A-variables. As a result, we obtain
equation (2.24).

This simplified (but less substantiated) derivation of the averaged equation (2.24)
is actually similar to the averaging procedure (with respect to time) in the theory of
dynamical systems. The same equation can be obtained in two ways, either we apply
the near-identity transformation with all the terms, or we apply the near-identity
transformation without the highest-order term and subsequently perform averaging.

We use only the simplified derivation, with the averaging, to obtain equations for
the two-point correlation function (§4), and we do not substantiate them by the
statistical near-identity transformation with all the terms.

2.2.6. Time dependence

Since equations (2.20) and (2.23) define only the time derivatives of the kernels X
and Y in the near-identity transformation (2.18), we choose the constants of time
integration so that the initial condition for the new variable g, (t) would be the same as
for the old variable f;(t). Then, the near-identity transformation (2.18) is the identity
initially.

Thus, according to (2.20),

exp(—i(—o; + oy +w3)t) — 1

X_ 13 =—-U_ 2.28
123 123 (<01 + 05 1 o) ; (2.28)

and according to (2.23),
Y _io34 = U_i53U_sps exp(—i(—0o1 + 05 + w;3)1)
y exp(—i(—os + 02 + w4)t) — 1

—i(—05 + 02 + w4) kes=ki—ky=kr+ks

+ {same with exchange 3 < 4},
S0,

exp(—i(—oy + 02 + w3 + wy4)t) — 1
(—01 4+ 02 + 03 + w4)(—05 4+ 02 + ®4)

Y_ 1234 = —U_153U_s504 {

_exp(=i(—=o1 + o5+ w3)t) — 1 }
(—0'1 + g5 + (1)3)(—0'5 + () + CL)4) Kes—ky—ks—ko+kq

exp(—i(—o1 + 02 + w3 + wg)t) — 1
(=01 + 02 + 03 + w4)(—05 + 02 + W3)

—U_154U_s23 {

_exp(—i(—oy + o5+ w4)t) — 1 }
(—0'1 + o5+ 604)(—0'5 + o+ (1)3) Ks=ky—ks=kr+ks '

(2.29)
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Now, equation (2.24) can be rewritten in the form

1 —exp(—i(—o1 + g3 + w3)t)
i(—O‘l + () + w3)

g1 =g / U_i23U 513 E30(—k; + ky +k3)dys  (2.30)

(e’-terms are neglected).

2.3. Green’s function

Since the initial conditions for the old variable f;(t) and for the new variable g,(t)
coincide:

2k(0) = £x(0) = £},
equation (2.30) defines the solution

1 +i(a1 — 02 — w3)t — exp(i(o1 — 02 — W3)1)

gi(t) = f{exp {/ U_i23U_513

(01 — 0y — 603)2

XE35(k1 —kz—k3)d23}. (231)

The solution f;(t) of the original equation (2.12) is expressed through the function
(2.31) by the near-identity transformation (2.18). Since (2.31) is not a random function,
and the average of each Weiner—-Hermite polynomial is zero, the ensemble average of
the original solution f;(¢) is equal to the function (2.31):

{(fi() = gu(0) = (o(r,0) = /gk(t) exp(ik - r) dk, (2.32)

where ¢(r, t) is the solution of our equation in the real space representation. Equations
(2.31) and (2.32) mean that

(o(r.1) = / Glr — r1, golr1) dr. (2.33)

where ¢(r,0) = @o(r) is the initial condition, and the Green function G(r,t) is the
Fourier transform of our solution (2.31) with the initial condition

fi =1/ = o(r,0) = 5(r),

(d is the dimension of the medium). Thus,

G(r,t) = / gi(t) exp(ik -r)dk  where gi(t) = (211r)d

X exp { / U_123U 23 1 +i(oy — o0 —( w3)t — eXp(lgzal — 0y — a)3)t).
0 — 03— W3

XE35(k1 —kz —k3)d23} (234)

(recall that E; = E(k3,w3), and so dy; = dk, dk; dws).
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3. The evolution of the mean concentration
3.1. Green’s function for the passive tracer case
Now we specify the general Green’s function (2.34) for the passive tracer case (2.14)

gi(t) = (21)d exp {/i(kl b3)i({k; — k3} - b_3) 1~ it —wf;xp(—iwﬂ) E; d3} .

3

This expression has the form

ai(t) = (271t)d exp(Lik'D(t)ik — ik R(t)) (3.1)

where D(t) is a symmetric matrix, and R(t) is a vector, defined by the following
integrals

1 t
= 2/Bkz)OSCOE(k w)dkdw where By = 1(byb_, + b_yb}), (3.2)
R= /BkkWE(k w)dk do
/ bk, — b k=% P Bk, ) d doo. (3.3)
CU

The prime denotes the transposition, so that by is a row, while by is a column. The
matrix By, (defined by the polarization vector b;) can be called the polarization matrix.
To obtain integrals (3.2)—(3.2), we used symmetrization (ks3, w;) <> —(k3, w3). We have
obvious properties b, = b", and By = B” . If b, = b_; or by = —b_y, then the second
integral in (3.2) vanishes.

If the waves are linear, their energy spectrum is proportional to a delta function
of some surface in the (k,w)-space, and we can integrate in (3.2), (3.3) over dw. In
particular, in situations of both odd and even dispersion law (2.5)—(2.6) we find the
same formulae

=2/Bk1_COSQ’“8k dk, (3.4)
Q
Qpt — sin Q. t i 1— Q
R— / LR / (b, — b k— 052 4k (3.5)
& i’

3.1.1. Averaged equation
Specifying (2.30) for the passive tracer case (2.14) we find
g1 =g1/1k bb_si(k; — %)

exp( lw3t) E:ds

This equation has the form
g1 =ik} D ik, g _ik/lels
which in the r-space is the convection—diffusion equation

o . 0d 0 [.0P

FrE e ( a> (3.6)
Here, &(r, ) is the Fourier transform of the function g, (t) (¢/0r) is a row, while (0/0r')
is a column). The function @(r,t) is not the original function ¢(r,t) of equation (2.1);
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& is related to ¢ by the statistical near-identity transformation. The ensemble average
of the original function ¢(r,t) is equal to ®(r, ).

Note that the averaged equation (3.6) contains less information than Green’s
function; e.g. in the case of well-separated scales the matrix D approaches a constant
value (see §3.2.1), and D = 0 has no information about this constant value.

3.1.2. The one-particle statistics

The Green function G(r,t) has a direct physical meaning; it is the probability of
finding a particle at point r at instant ¢, provided this particle was at the origin r =0
at instant ¢t = 0. The function (2r)%g, is the characteristic function of the probability
distribution G(r,t):

gk = (2ic)d / G(r,t)exp(—ik - r)dr

and therefore

(ry = /G(r, Hrdr =1 0[(261;{)"g] . =R,
(rv')= /G(r, e dr = — (ﬂ(gzldg] . =D+ RR, (r')—(r)(r) =D.

According to (3.1), the mean displacement R(¢) and the variance tensor D(t) completely
define the probability distribution G(r,t).

3.2. Anomalous transport

In this paper, we are interested in the situation when there is no separation scales; so
we would like to predict the evolution of the averaged concentration of the passive
tracer during time ¢ inside the range of time scales (1.17). However, we start with the
asymptotics of large time.

3.2.1. Trapping regime

If t > T, the oscillating terms in the integrals (3.4) and (3.5) can be neglected,
and so

D(1) = /(bkb’_k n b_kb;)% dk;
k

R(t)=ut, u= / (biby + b_ib k2 dk + © / (b — b_ibj )k~ dk.
% 2 Q

Thus, as t — oo, the covariance matrix D(t) approaches a constant matrix, while the
mean (r) = R becomes a linear function of time. The matrix D approaches zero,
and the terms with the second derivatives in the averaged equation (3.6) vanish. So
the average evolution of the tracer is reduced to a drift with a constant speed u.
The tracer particles do not disperse, but remain trapped (cf. Kraichnan 1968; Majda
& Kramer 1999) in a cluster, which drifts with the velocity u. In this situation,
the turbulent diffusion enters only at order e* with respect to the small parameter
(1.9) (see Herterich & Hasselmann 1982; Weichman & Glazman 1999, 2000; Balk &
McLaughlin 1999).

3.2.2. Vanishing of turbulent drift

In general (at any observation time t), the turbulent drift R vanishes if the medium
and the energy spectrum are isotropic. It also vanishes in an anisotropic situation if
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the velocity field is incompressible; according to (3.3), R =0 if k- b, = 0. So, in order
to have a non-zero drift, we must assume both anisotropy and compressibility of the
velocity field.

3.2.3. The one-dimensional case

In the one-dimensional case (d = 1) the velocity field is necessarily compressible,
b, = 1. Consider a particular case of the general situation (1.10)—(1.11) when the
energy spectrum is a power-law function (in the inertial interval), while the dispersion
law is odd and has a power-law form for positive k:

&g = Ck™ (Kpin < k € Kjpax), Q= &{kaSign(k) (o> 0). (3.7)
To calculate the integrals (3.4) and (3.5), we introduce a new integration variable
y = ok*t. So
i
p=¢ <t> 41 (3.8)
T o
where

_ ©q{ _
PR ) 11(A)=/ Lzcosydy  crmd—2u<y<d (39)
& 0

viooy’

For reference, we present some values of the integral (3.9) (which are found with the
aid of Maple): I,(1) = \/2n (sub-diffusion), I;(1) = in (normal diffusion), I,(3) =
./2n (super-diffusion). Also

R=¢ (i)u o W (3.10)

[0

where

—d—1 1 ®y—sinyd
p=24+1"00 o Iz(u)=/ YIS <u<3). @a
o o 0 ey
Although in this calculation we have considered only the case d = 1, we have
written these formulae with dimension d as a parameter since the expressions for the
exponents A and u are correct in any dimension d.

3.2.4. The two-dimensional case

As an example of the two-dimensional situation (d = 2), we consider isotropic
medium (more precisely there is invariance with respect to rotations, but there is no
mirror symmetry), but assume anisotropic energy spectrum. The dispersion law is just
a power-law function, Q; = Zk”, and the polarization vector is

k. k
bkzlpE+lqE,

where k is obtained from the vector k = (kx,k,) by 90° rotation: k= (ky,—ky); p
and g are some scalar coefficients. To satisfy our normalization |b|*> = I> +m?> = 1,
we assume parameterization p = cosf, g = sinf. Introducing the polar coordinates

k = (kcos ¢,k sin ¢), we have

by =icos0 [ Z?jg } +isind [ —Sizlz)?qb ] =i [ Z?rf((g:g)) } . (3.12)
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If the parameter 6 = 0, the polarization vector is parallel to the wave vector k; if 6 =
%n, the polarization vector is orthogonal to k, i.e. the velocity field is incompressible.
We take the energy spectrum in the form

e = €k~ {1 + Z(F" cosng + 1, sin nqS)} in the inertial range K,,;; < k < K ax,

n=1

where I',, ¥, are some numbers, sufficiently small so that the spectrum ¢, stays
positive for any ¢. Then according to formulae (3.4)—(3.5), we find

B “1—cosok*t _, . .dk
D= DO/0 (k) €k o (3.13)
“ ofk*t — sin ./ k*t dk
— w1, 1—y+d
R RO/O (k) A o (3.14)

where the matrix Dy and the vector R, are the results of integration in (3.4) and (3.5)
over the angle ¢:

_ an cos’(¢p — 0) cos(¢p — ) sin(¢p — 0)
Do = 2/0 { sin(¢p — 0) cos(¢p — 0) sinz(d) —0) ]

X {1 -+ i(F,, cosng + Y, sin an))} do,

n=1

R — n cos’(¢p — 0) cos(¢p — 0)sin(¢p — 0) cos ¢
0= /0 { sin(¢ — 0) cos(¢p — 0) sin?(¢p — 0) sin ¢

X {1 + f:(lﬂ, cosng + Y, sin nd))} do.
n=1

From the entire sum in brackets, the non-zero contribution to Dy, comes only from
the I'>- and Y>-terms, as well as from the unit. The non-zero contribution to Ry comes
only from the I';- and Yj-terms. So,

2+ 15¢c0820 + Y>sin20 —Isin20 + Y5 cos 20

Dy, = ) . , 3.15
0 n[ —I'5sin 20 + Y5 cos 20 2—T5c0820 — Y,sin20 ( )
ri(1 20) + Y;sin 20
Ry = & | M1 cos20) + Tisin . (3.16)
2| —I';1sin20 4 Yi(1 + cos20)

To calculate the integrals (3.13) and (3.14), we introduce the new integration variable
y = k"t. So

D=¢ (i) D, Ilg“), (3.17)
R=¢ (t># Ry 21 (3.18)
T o

where the exponents A and p, as well as the functions I;(41) and I,(u) are defined in
(3.9) and (3.11).
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FIGURE 1. Super-diffusion in one dimension during a five-decade time interval. The velocity field
exponents are o = 3/2 and y = 1/4 (6 = —1/4); so, we have super-diffusion with the exponent
A = 3/2. The curve shows the numerical simulation, and the straight line represents the theoretical
prediction. The graph is presented in non-dimensional form: time ¢ is measured in units of time
scale 7 and the displacement ¢ is measured in units of length scale . The non-dimensional

cutoff parameters are K, = 10%, Ko = 108, Ty = 10712, T, = 1075, (In dimensional units,
we have this picture, e.g. if o/ = 1 and ¥ = 0.01; then ¢ = 10%, ¢ = 10'2, and therefore,
Kpin = 1074, Kpux = 10%, Ty = 10, Tpax = 10°). The value of the small parameter (1.15) is

€2 = 0.1. To obtain these results, we have used 10* grid points equally spaced between K, and

K,..x; we averaged over 10 realizations of the velocity field.

In particular, if the velocity field is isotropic (I', =Y, =0, n=1,2,...), then R=0
and

o2 = Trace(D) = & (i) 4n1‘g). (3.19)

3.2.5. Anomalous diffusion

The exponent A in (3.8) and (3.17) determines the anomalous diffusion. When
0 < 4 < 1, we have a sub-diffusive behaviour. When 1 < 1 < 2, we have a super-
diffusion. At the lower limit, A = 0, we have a trapping regime (see §3.2.1), whereas
the upper limit, 4 = 2, corresponds to extremely large-scale velocity field, when the
tracer moves with constant (but random) velocity. Balk (2000) presented the numerical
confirmation of the anomalous diffusion.

Figure 1 presents super-diffusion observed in numerical simulation. The power law
(3.8) is observed during time interval of more than a five-decade, during which the
mean square displacement ¢ grows 10* times. Let us stress that not only the exponent
A, but also the factor in the power-law (3.8), are predicted.
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3.2.6. Anomalous drift

From (3.10) and (3.18) we see that the passive tracer can exhibit not only the
anomalous diffusion, but also an anomalous drift. When u = 1, we have normal drift,
as in the case of well separated scales (§3.2.1). If u > 1, we have super-drift. The
exponent u cannot be less than 1, i.e. there is only normal drift or super-drift, but no
slow-drift. Let us note that if « > 0, the exponent y cannot exceed 2, since u = 1— 1/«
and A < 2. See Balk (2001) for numerical confirmation of the super-drift.

4. The two-point correlation function

Now we would like to find the evolution of the two-point (same time) correlation
function, i.e. the evolution of the ensemble average of the function

Fia(t) = f1(0f3(0).

According to equation (2.12), the function Fi,(t) satisfies the following equation
Fip+ / W _i34F3As sy + / W 3 Fi34; dsg = 0. (4.1)

4.1. Transformation

In order to find the equation for the ensemble average of the function Fy,(t), we make
the statistical near-identity transformation

Fi, =G+ /X—134G32A4 dss + /)2'1234G13AZ dss. (4.2)

Substituting this into the equation (4.1), we find the equation for the new variable
Ga(1)

G+ /2—134G32A4 dss + /XimGBAZ dss
+ /??134G32A4 dss + /)2*_234G13AZ dss
+ / W _134 <G32 + /X—356G52A6 dse + /X*—zséGﬁAg d56) Asds

+ / W*,m <G13 + /X—156G53A6 dse + /X*356G15AZ dss) Aydss =0.

We choose the kernel X as in §2.2.4 (see (2.28)), so that X _j34 + W_;34 = 0, and the
terms linear in 4 disappear from the equation.

4.1.1. Eliminating divergence

However, even after this elimination, G is not of the order €2, since now we allow
the exponent y to be greater than the dimension d. When y > d, the mean square
displacement D is infinite; and so, we assumed y < d in §3. At the same time, the
relative mean square displacement can be finite, since long waves transport a couple
of sufficiently close particles in a similar way); and so, in this section, we consider a
wider range of the exponent y, in particular, y > d (cf. § 1.2). There is a problem with
terms containing G, e.g. term

On= /X—134G3244 dsg.
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Its mean square is
(10127) = /}2134X*156G32G;2<A4A2> dsase
= /|X—134|2|G322E45(—k1 + k3 + kq) dig.

If y > d, this integral diverges as ks — 0. Indeed, E4 oc k,” and k3 — ki, as ks — 0.
So, we write the new equation in the form

G {1 + /}2—134144 dis + /X*_234AZ d34]
+ /)2—134(G32 — Gi2)Asdss + /2*234(G13 — G)A;dy
+ / W _134X _336Gs5244Ag dagse + / W7134Xi256G35A4AZ dsse

+ / W1234X—156G53A2A6 d3456 + / W*,234X*,356G15A:1A; d3456 = 0.

The terms in the second line of this equation are of order €*, and we neglect them.
The first line in the passive scalar case has the form.

Gua[l +i(ky — ki) Z(1)]
where
1— e—iwt
Z(t) = /bk —— A, dkdo.
iw

We consider k, = ki, so that the vector Z(t) disappears from the equation. Thus, we
can find only the behaviour of the function

1 . .
Ni = (Fu) = <|fk(t)|2> = W /<¢(V1,l)¢ (r2,1)) exp(—ik * (r; — ry)) dry dr,.
(4.3)
Moments (F5(t)) for k; # k, seem to be non-universal (depending on the details at

the ends of the inertial interval).

4.2. The function Ny and the relative mean square displacement

The calculation of the universal moments (F,(f)) with k; = k, turns out to be
sufficient to find the quantities (1.7) and (1.8). Differentiating (4.3) with respect to k
and then assuming k = 0, we find

0° 0?
ok' 0k ok OK'

(0/0k is a row, while 0/0k" is a column, so that 0N /0k'0k is a d x d matrix, and
0*>N /0kok' is a scalar).

Consider, for example, the isotropic situation. Suppose the medium and the tur-
bulence spectrum E(k,) are isotropic; suppose also that the initial condition for
the function Ny is isotropic. Then, the function N, remains isotropic for any t > O,
Ny = N(k,t), and the formula (4.4) gives

N d—10N

p2 — _(27_[:)2:[ i W — —(ZTC)de aziN
kX T Tk ok, k2|,

s =¥ [ iom| = —om|

k=0

Nk] , (4.4)

k=0

(4.5)
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According to the definition (4.3), the function N (t) has the following properties:
(1) Ng(t) is dimensionless;

(i1) Ng(t) is positive;

(iii) If — as in the passive tracer case — ¢(r,t) is real, then Ny = N_y;

(iv) If — as in the passive tracer case — ¢(r,t) is positive, then Ny < Ni—o;

(v) The normalization (1.3) implies that N|;—o = 1/(2m)*.

4.2.1. Examples

Example 1. Isotropic passive tracer cloud of characteristic size s.
Consider a two-dimensional isotropic cloud with Gaussian distribution

1 2
o(r) = I exp <—252> . (4.6)

It satisfies the normalization (1.3); for this distribution, (x?) = (y?) = s*. The variance
of (4.6) is 6 = [r’p(r)dr = 2s% and so the mean squared distance between two
particles in this distribution is p? = 2¢? = 4s°.

By (4.3), we can find the corresponding function N;. Considering (4.6) as an initial
distribution, we do not need averaging in (4.3) over the ensemble of the velocity fields,
and we find

Ny exp(—sk?). (4.7

1
- @
This example illustrates the general rule that follows from the definition (4.3). If p is
the characteristic size of the passive tracer cloud, then 1/p is the characteristic size of
the support of the function Ny, i.e. the characteristic size of the region in the k-space
where the function Nj is essentially non-zero.

Example 2. Two particles separated by distance s.
Consider a set of two particles, located at the points 3 and —1s (s is the radius-vector
from one particle to the other). In this case

o(r) = 1[s(r — 1s)+ 5(r + 1s)]. (4.8)

The diameter of this two-particle cloud is p = s/ ﬁ (which agrees with the fact that
2

p~ is the average of 4 possible squared distances in the set of 2 tracer particles:
p? = Hs* +5*+0+0)).
According to (4.3), we have
1
Ny = 3onp [1 4 cos(k - 5)]. (4.9)
4.3. Averaging
Now we average our equation, assuming that the new variable G is statistically

independent from the field 4 (see §2.2.5):
N, +/W—134X—31—4N1E4d34+/W—134Xi134N3E4 dsy

+/W*134X_134N3E4 d34+/W*134X*314N1E4d34 :0
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It is a closed equation for the function Ny = Gy = (Fyi). Now we recall the formulae
(2.13) and (2.28) for the kernels W and X, and find the following equation

sin(o 03 — Wyt
N, _2/|U134|2 (01 = ) O(ky — k3 — k4)N3E; d3s

— 03 — (W4
sin(g; — g3 — wy)t

+N1/{U134U 31-4 + U3, U254} O(ky — k3 —k4)Esdsy

01 — 03 — W4
COS(O’l g3 —6()4)t

O(ky —k3 —k4)E4 dsg.
(4.10)

+iN1/{U—134 U314 — U3y Ui31,4} p——

We could derive this equation without averaging if in the original equation (4.1) we
made near-identity transformation up to order € (instead of the transformation (4.2)
up to order ¢). Then, we would push the randomness to order €* and just neglect the
e3-terms (cf. §2.2.5). However, this leads to more cumbersome calculations.

4.3.1. Remark about Hamiltonian symmetry
Suppose that the kernel U satisfies the condition

U,31,4 = —Ui134 provided k1 — k3 — k4 =0. (411)
Then equation (4.10) is reduced to the following form

sin(o; — a3 — wy)t

Ny = 2/ |U_134/*(N3 — N1)E4 O(ky — k3 — ky4) dss. (4.12)

01 — 03 — W4

The symmetry (4.11) means that the system has a Hamiltonian structure (cf. Zakharov
1974). In particular, this symmetry takes place for the Schrodinger equation with
random potential, when U =1 (see (2.15)). It also holds in the passive tracer case
(2.14) if the velocity field is incompressible, k « b, = 0. The symmetry (4.11) does not
hold for compressible flows. However, even in the compressible case, the averaged
equation still has the form (4.12) owing to certain cancellations (see §5).

Equation (4.12) reminds us of the wave kinetic equation

N, = 2/ |U_134*(N3 — N1)E4S(a1 — 03 — Q4)S (ki — k3 — ky) d34

for the scattering of waves with dispersion law ¢ on waves with dispersion law 2
(see Zakharov, Musher & Rubenchik 1985; Ryzhik, Papanicolaou & Keller 1996).
However, there are two important differences. First, instead of the usual frequency
delta function, our equation contains a specific time-dependence. Secondly, in our
equation, the function Ny is not the spectrum of the wave field with dispersion law
ox; in the latter case we would have (f;f5) = N1o(ky — k;). Instead, Ny = (fxf;); the
f-field is the Fourier image of the field ¢ which is not statistically homogeneous, but
concentrated in a finite region of the r-space.

The Hamiltonian symmetry (4.11) implies the conservation of ‘the total number of
quasi-particles’

N = /Nk dk = (2;)‘1/|q)(r, t))* dr. (4.13)

Indeed, the time derivative of the quantity ./ by virtue of equation (4.12) is equal
Zero.



Anomalous behaviour of a passive tracer in wave turbulence 189

The Hamiltonian symmetry (4.11) implies the existence of ‘entropy’
0=1 / N dk. (4.14)

Indeed, by virtue of (4.12) we have

sin(m — 03 — 6()4)

. t
6 =— / |U_134)*(N3 — Ny )?E,4 S(ky — ks — k) dyss.

01 — 03 — W4

Here, we have taken into account the symmetry (4.11) and the fact that E, = E_,. If
the main lobe |6 — 03 — w4 < 1/2 of the function (sin(o; — 03 — w4)t)/(01 — 05 — W)
dominates, then ® < 0.

5. The spreading of the passive tracer cloud
5.1. Equations

Specifying equation (4.10) for the passive tracer case (2.14), we find (after some
straightforward algebra) the following equation

N1=2/k1-b4|

We could expect to obtain an extra term, proportional to Ni, from the last two
integrals in (4.10), besides that already present in (5.1); however, the extra term
actually vanishes owing to the symmetry E, = E_,.

If the velocity field is due to linear waves with dispersion law w = Q; (see (2.9)
and (2.6)), then we can integrate over dwy in (5.1) and find

,sin gt

o (N3 — N1)E40(ky — k3 — ky) dag. (5.1)

. sin Qq4t
Nl = 2/ |k1 'b4‘2 .Q44 (N} —N1)£45(k1 —k3 —k4)dk3 dk4 (52)

This equation preserves the properties (i)—(v) described in §4.3. In particular,
0 < (21)*Ni(t) < 1.

Let us show the validity of the first inequality. Initially, N; is positive. Suppose, at
some instant t;, the quantity Ny turns into zero for the first time, at some kg, to
become negative at ko for t > ty; Ni(to) is still positive for all other k # kj. Such a
situation contradicts equation (5.2). Ny, (to) is negative (or zero), but the right-hand
side of (5.2) is positive at t = ty,k = ko. To prove the second inequality, consider
function My (t) = 1 — (2r)*' Ni(t).

5.1.1. Convergence conditions

The integral (5.2) has singularities at k4 — 0 and k4 — c0. We will consider the
convergence when ¢, = &, (actually we need this condition only near the origin
k = 0, namely ¢, —e_x = O(k), k — 0). To see the convergence conditions, we change
the integration variable k; — —k, and rewrite equation (5.2) in the form

. sin Qq4t
Ny = /|k1 'b4|2 %) 4 8(k4) [N(k] —k4,t)—2N(k1,If)+N(k1 +k4,t)] dkg. (53)
4
Here, we took into account that |k - by| = |k - b_4| (Which follows from the property
b_, = b}) and sin Q4t/Q4 = sin Q_4t/Q_4 (which is valid for even and odd dispersion
laws).
As k4 — 0, the integral (5.3) converges if y < d + 2. As k; — oo, the integral
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FIGURE 2. For a ‘very large’ passive tracer cloud, the characteristic size of the support of Ny in the
k-space is ‘very small’.

converges if y > d — 2. Thus, if d — 20 < y < d + 2, the spreading of the passive
tracer cloud is universal, i.e. independent of the details of the energy spectrum g
at the ends of the inertial interval (1.11). This is similar to the universality of the
Kolmogorov—Zakharov spectra of weak turbulence (see Zakharov 1985).

The convergence of the integral in (5.2) is necessary for the applicability of the
perturbational approach. For the applicability of equation (5.2), we can require that
the time derivative given by equation (5.2) be much less than the frequency of the
travelling waves: N < Q.

The behaviour of the passive tracer cloud crucially depends on the relation of
the size p of the cloud and the observation time ¢ to the length and time scales of
the velocity field. A cloud with initial diameter p, starts spreading in four different
regimes:

(1) ‘very small’ cloud, pg < A,pin,

(ii) ‘small’ cloud, A,,, < pg < &,

(i) ‘large’ cloud, & < po < Apaxs

(iv) ‘very large’ cloud, A, < po,
where the scale & is defined in (1.12) via the dimensional constants .7 and €.

5.2. The case of well-separated scales: py > Apax 0F po <K Apin
5.2.1. ‘Very large’ cloud

First, suppose that we have a ‘very large’ passive tracer cloud, pg > A,q.. Then,
the characteristic size of the support of Ny in the k-space is ‘very small’: 1/py < Kin,
which is shown schematically in figure 2.

Since we are interested in statistical moments, determined by the derivatives of
the function N; at k = 0, such as (4.4), we can consider k; in (5.2) being near zero
(ki < 1/pg). Then k3 ~ —k4, and we can neglect N3 in (5.2):

,8in Q4t
Q

By virtue of (4.4), we can find the evolution of the relative mean square displacement;
differentiate both parts of (5.4) with respect to k; twice, and then put k; = 0):

Nl = —2N1 / |k1 * b4| &4 dk4 (54)

S$=2D= %pz = 2%02, (5.9)

where the tensor of one-particle displacement D is given in (3.4). This agrees with
the fact that two distant particles (separated by distance > 4,,.) are statistically
independent. We can find the solution of (5.4) in the form

Ni(t) = Np 2m)* g (0)g; (1),
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N
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FIGURE 3. For a ‘very small’ passive tracer cloud, the characteristic size of the support of Ny in the
k-space is ‘very large’.

where g (t) is Green’s function in the Fourier representation, see §2.3; N = N4(0) is
the initial condition.

Suppose also that the observation time ¢ is much larger than the largest time scale
of the velocity field, t > Tu. Then Ny = 0 along with § = 2D = 0. As t — oo, the
function N(t) approaches some constant function (independent of ¢, but depending
on k). This situation was studied by Weichman & Glazman 1999, 2002).

5.2.2. ‘Very small’ cloud

Now suppose that we have a ‘very small’ passive tracer cloud, py < A,;;. Then,
the characteristic size of the support of Ny in the k-space is very large, 1/po > Kuax,
which is shown in figure 3.

For k < 1/pg we can approximate N; by Taylor’s formula:

Ny (1—1K'sk).

~ QnH
We use this approximation in (5.2). Consider k; near zero (k; < K,;,), and so,

k3 ~ —k4 (in particular, this implies that k3 < 1/py, and the approximation is valid
for N; as well). Then

. in Qt
§=2 / B, K (k'Sk) dk
Q
(By is the polarization matrix defined in (3.2) via the polarization vector by).
If, in addition, the observation time is also ‘very small’: t < T,,;,, then sin Q;t = Qt,
and

ds ,

T /Bkek(k Sk)dk. (5.6)
If we introduce new time n = t?, the entries of the matrix S satisfy a system of
linear homogeneous o.d.e. with constant coefficients, and therefore S is the sum of
exponential functions of n = t>. Of course, in each realization of the velocity field,
two close particles diverge exponentially in time. However, when we average the
Gaussian ensemble of the velocity fields, we find S to be the sum of exponential
functions of = t2, according to (5.6). (This is easy to understand using the following
simple model. Let y(t) = yoe", where u is a random variable with a Gaussian
distribution p(u) = (a/\/ﬁ) exp(—a’u?) (yo and a > 0 are some constants). Then

(v(1)) = yola/ /) [ exp(ut) exp(—a*u?)du = yo exp(t*/(4a*)).)



192 A. M. Balk

sin(€y 1)/

Kinin Upg

Kmax

FIGURE 4. The support of both functions shrinks with time.

5.3. Estimates showing two different anomalous regimes

Now we start considering the anomalous situation when the initial diameter py of
the passive tracer cloud is well inside the range of the length scales of the velocity
field, 4, <€ po K A,ax. We will see that the spreading of the cloud can occur in two
different regimes, described in §§ 6 and 7. This depends on the relation of the diameter
po and the scale ¢ (defined in §1.2 via the dimensional factors .o/ and %). In order
to see the existence of these two regimes, we make rough estimates in (5.3), which is
equivalent to (5.2).

The passive tracer cloud is spreading in the r-space, and, respectively, the ‘support’
of the function Ny (the area of essentially non-zero Ny) is shrinking in the k-space.
In (5.2) or (5.3) we have two functions whose ‘support’ in the k-space is shrinking
with time
sin Qt

Q

The ‘support’ of the second function is roughly 1/(.7t)"/*. Initially, the support of
the first function is 1/po, and the support of the second function is infinite. As time
progresses the ‘supports’ of both functions shrink (see figure 4).

At time t =ty ~ p§/</, the ‘support’ of the second function reaches the value 1/p,
i.e. becomes comparable with the initial ‘support’ of the first function. Below, we
estimate whether during this time the function N; changes significantly, or changes
little, and therefore its support stays almost the same, equal to 1/pq.

According to (5.3), the time derivative Ny(t) is less than or of the order of the

following value
1 1\ /1\*
7)o ()
Po Po Po
and so we have an estimate

AT C o ip po\ "’
No(£) — No(O)| ~ o . ° 2—d+y+20 . ,
NGO — MO ~ s ~ :

where ¢ and 0 are introduced in § 1.2; it is assumed throughout this paper that 6 < 0.
From this estimate, we see that if py < &, then we can neglect the change Ny (t) during
the initial time t,. After this time interval t,, for some time (see §6.3.1) we can assume
that the support of the second function in (5.7) is much smaller than the support of
the first. This situation is considered in § 6.

If, on the other hand, py > ¢, then the function Ni(t) changes significantly during
the initial time interval ty, and the passive tracer cloud spreads significantly during
to. The support of the first function in (5.7) shrinks and stays much smaller than the
support of the second. We study this situation in §7.

Ny (1), (5.7)
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FIGURE 5. The situation where the ‘support’ of Ny is much larger than the ‘support’ of sin(Qyt)/ Q.

6. ‘Small’ passive tracer cloud: differential approximation

In this section, we simplify the general equation (5.2) for the situation of the small
cloud, when the ‘support’ of the second function in (5.7) is much smaller than the
‘support’ of the first. This situation is shown schematically in figure 5.

The essential contribution to the integral (6.1) comes only from the region of
‘support’ of the function sinQt/Qq, ie. where |Q]t <1 < k4 < (n/At)"/*. Since
ki — k3 = k4, we can approximate the difference N3 — Ny by a differential expression
and reduce (6.1) to a differential equation.

To be specific, let us consider the two-dimensional incompressible velocity field.
Then in polar coordinates (k, ¢)

k= S L b= 0| kb= kisinta— o
and (5.2) takes the form

sin Q4t

Ny =263 [ sind(gs — g0 ™02 Ns = Nodlhs — ks — k) ks (61)

In addition, we assume that the velocity field is statistically isotropic, i.e. the
dispersion law and the energy spectrum are functions of the wavenumber only:
Q= Q(k), e = ¢(k). Note that the distribution of the passive tracer, i.e. the function
Ny (1), can be anisotropic, depending on the polar angle ¢, N = N(k, ¢, t); this happens
if the initial condition N(0) is anisotropic.

6.1. Deriving the differential approximation via the weak form

In order to derive the differential approximation, we rewrite equation (6.1) in the
weak form: multiply (6.1) by a test function y; = y(k;) and integrate over dk;

d . sin Qq4t
dt/NIXIdkl =—/k%5m2(¢4—¢1)(N3—Nl)(X3—X1)84 0 u
4

X O(ky — k3 — k4)d34. (6.2)

Using the smallness of k4, we replace the finite differences by the corresponding
differential expressions

0N,

ON 1 0N
NB_NIZ_Tkl k4{ 1COS(<154 ¢1)+k 8

5/(1
ok

¢ ! sin(ds — qsl)},

ks =ky { cos(ps — P1) + — =2 sin(py — ¢1)} -

X3 — X1 = k@d)
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Then the integration over dkj in (6.2) just takes away the delta function. After that,
we integrate over d¢y, using the isotropy of the velocity field,

d _ 20N 03, JON O3 Y
d[/Nledkl = /{kl ok, Ok, +36¢1 a(bl Y(I)dkl,

where
n (% 1 —cosQ.t dk
Y(t)=— K2 Ty — 6.3
0=/ g (63)
We have defined the time-dependent coefficient in our equation as a time derivative
Y (t)—instead of denoting it by some function of time, say X()—in order to simplify
further formulae; besides, Y (t) (not Y (¢)) is dimensionless. Since the test function
«(k) is arbitrary, we have the following differential equation
,ON >N

. . 0 .
N =Y [k 6k] + 3Y(t)67)2. (6.4)

6.1.1. The power-law situation

If the dispersion law and the energy spectrum are power-law functions of the
wavenumber, Q, = /k*, g = k™7, in the inertial range, then the quantity Y is a
power-law function of time:

t d—2 2 n Ii(B)

B N —
Y(t)=4 () where f =2+ rmeme =A—-, H=- , (6.5)
T o o 4 o

(to derive this formula, we made the change of the integration variable in (6.3),
k"t = y and expressed the factors .7 and % via the scales ¢ and 7, defined in §1.2;
the integral I; is defined in (3.9)).

The applicability of the differential approximation requires the convergence of the
integral (6.3). This integral converges at k > 0 if 2+d—7y > 0, and at k — oo if
2+4d—vy—2a < 0; the latter is the condition ¢ < 0 assumed from the very beginning,
in §1.2.

6.2. Mellin and Taylor expansions

Equation (6.4) is easily solved by the Fourier transform in ¢ and Mellin transform in
k. Our primary goal is the tensor of relative displacement (1.7), which is determined
by the derivatives of the function Ny at the origin (see (4.4)). So, we find the function
Ny only near the origin. Assuming that N, is analytic at k = 0, we expand it in the
Taylor series

N= i I (KUK,

up=0
Since
b 4 e—id ip _ o—id
i S Nt
2 2i
we have
o0 I ‘
N = Z Z Hln1(t)k[elm¢ (Hlfm = Hl,—m)a (66)
=0 m=—I

where the second sum (marked by a prime) implies summation only over every other
integer from —[ to [: m = —[,—1+2,...,1 — 2, 1. Substituting this expansion into (6.4)
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we find independent equations for the coefficients H,(t)
Hy, =Y @)[I(I + 1) — 3m° Hp. (6.7)
According to (6.6),
N = Hoo + Hui(ky + iky) + Hy (ks — iky) + Hao(k3 + k7)
+Hy(k, + ik,)* + Hay(k, —ik,)* + O(k*)  (k — 0).
Using this in (4.4), we have

Hy, + 2Re(Hy,) —2Im(Hy,)

_ 4
§ =—20m) —2Im(Hy) Hy —2Re(Hy) |’

p’=—42n)'Hy  (6.8)

(Re and Im are real and imaginary parts). By virtue of (6.7) with [ =2 and m = 0,
we find the evolution of the diameter of the passive tracer cloud

p(t) = poexp{3Y (1)}, (6.9)

where py is the initial diameter.

6.2.1. Example: two particles (with fixed initial locations)

Consider the evolution of two particles initially located at the two points %s and
—%s, so that the initial distance between the particles is s. Then initially,

o(r) = 3[0(r — 38) +0(r + 39)] =

1 1 1 2 4
Ny = m[1 +cos(k + 5)] = o [1— (k-5 +0(K"] (k—0).
If the polar axis is chosen in the direction of vector s, then initially,

1 . L

N; = 0 [1— L2 — Li?s?e® — Lk e + O(kY)]  (k — 0),
1 s°
Hy=1Hy=——1—.
2T T T 6(2n)

From these initial values by virtue of (6.7), we find the coefficients Hyy, and Hp, at
instant ¢, and then by (6.8) we obtain the tensor of relative displacement

s* [ exp{6Y (1)} + exp{—6Y ()} 0
4 0 exp{6Y (t)} —exp{—6Y (1)} |-

This expression shows that, with time, the passive tracer cloud becomes more isotropic
(on average): the distinction between the x-axis and y-axis disappears.

The mean diameter of the passive tracer cloud grows with time according to the
law

s (6.10)

S

p(t) = NE

Thus, the divergence of ‘close’ tracer particles is

exp{3Y (1)}.

exponential if f=1 = y=d+2—aq
sub-exponential if 0<f <l < d+2—-20<y<d+2—aq,
super-exponential if 1<f <2 < d+2—oa<y<d+2.
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6.2.2. Example: isotropic passive tracer cloud

Consider the evolution of an ensemble of particles with an isotropic distribution
¢(r,t) of initial characteristic size s, so that initially

(r)—iex —i =
4 T 2ns? p 2s2

exp(—s’k?) =

Ny = [1— k> + 0(kY)] (k — 0).

1
(2m)* (2m)*

Therefore,
p(t) = 2sexp{3Y (t)}.

6.3. The applicability of the differential approximation
6.3.1. Estimating the time during which the differential approximation is applicable

The differential approximation can work only during some initial stage, when the
size of the passive tracer cloud is still small enough. Suppose that, initially, the
passive tracer is concentrated in some ‘small’ region of the r-space, and, respectively,
the function N; has a ‘wide’ support in the k-space. With time, the passive tracer
cloud spreads in the r-space, and, respectively, the region of essentially non-zero
function Ny shrinks in the k-space. However, according to (6.1), the value of N at
the origin remains constant (N = 0 if k = 0). So, the k-derivatives of the function N
become large, and the differential approximation can break down (see more accurate
estimates in §§5.2.6 and 5.2.7).

Let us estimate the time during which the differential approximation (6.4) is
applicable.

If p is the characteristic size of the passive tracer cloud in the r-space, then 1/p is
the characteristic size of the passive tracer cloud in the k-space; more precisely, the
function Nj changes from its constant value Ny = 1/(2n)* at the origin k = 0 to
essentially zero value at distance 1/p from the origin. The differential approximation
requires that ks = |k; — k3| is small compared with 1/p. The typical value of k4
is obtained from the condition Q4t = 1, ie. ks = (1/At)"/*. Thus, the differential
approximation is applicable if

1\ 1
(&/t) < ’ where p = poexp{34(t/1)’},
(parameters § and 4 are given in (6.5)). The smaller the initial diameter of the passive
tracer cloud py, the longer the differential approximation is applicable. We can rewrite
this estimate in the form

X t B 0o aff
7 >e*, where x=30f% (r) , h=3ap% (5) ,

where x is a new variable, and & is a new parameter; they are both non-dimensional.
For sufficiently small h, this condition defines an interval of possible x. This interval
shrinks to a point x = 1 when h = e~!. If h > e7!, it is impossible to satisfy this
condition, and the differential approximation does not take place at all. If h < ¢!
(i.e. po < &), the estimate gives

h < x < log(1/h).
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FIGURE 6. The super-exponential divergence of ‘close’ passive tracer particles. In non-dimensional
units (when é=1t1=1),  =k> and & =k™>; so, according to the theoretical prediction,
p = poexp (2t¥?). The curve shows the numerical simulation, while the straight line represents
the theoretical prediction. To obtain these results, we averaged over 10 realizations of the velocity
field.

In terms of the original time ¢ this means

po\* ¢ 1. & logBupp)]’
= - |—=log> — =0 A1
(é) <<r<<[39<2 o8 T b (10

The above estimate assumes that the passive tracer cloud is roughly isotropic; if
a strong anisotropy is present, the differential approximation can break down even
earlier.

6.3.2. Saturation of the initial ‘fast’ divergence

The initial regime of (sub- or super-) exponential divergence saturates for sufficiently
large time. This regime can last till time ¢ defined by the upper estimate in (6.11). At
this time the average distance (6.9) between two tracer particles reaches the value

p=EBupB) .

Thus, at the end of the initial regime the average distance between two tracer particles
does not depend on the initial distance py; it is roughly equal to the scale &. If the
initial distance py exceeds the scale &, then the initial regime of ‘fast’ divergence and
the differential approximation do not take place at all.

6.3.3. Numerical simulation

In order to check the prediction (6.9), we computed the evolution of two particles,
initially located at points (—3s,0) and (1s,0), s = 0.03, see the first example in §6.2.1.
The results are presented in figure 6 in the log—log scale log(p/po) vs. time t.

According to the theory, the super-exponential divergence should saturate when

~ ¢ =1,1ie. log(p/po) = log(1/(s/+/2)) ~ 4 (which agrees with figure 6). During the
regime when the differential approximation is still applicable, the distance between
the particles increases about 20 times.

Let us stress that the theory gives not only the slope of the straight line on figure 6,
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but also its location. In other words, the theory gives not only the exponent f, but
also the pre-factor 4.

We simulated the velocity field following the procedure of modelling of Gaussian
processes described in Kovalenko, Kuznetsov & Shurenkov (1996). We divide the
domain

Kmin < k < Kmaxa 0 < d) < 271:7

into many grid-cells 4,,, in the k-plane:
km < k S km-H (m = 1925”'7"_1)5 ¢n < d) S d)n-H (n = 1;25"'5ﬁ)'

The grid should be sufficiently dense, i.e. the numbers m and 7 should be sufficiently
large, to ensure that the discrete representation approximates the continuous Gaussian
velocity field well. (In our calculation we took m = 300, 7 = 200.) In each of the cells
we choose some ‘central’ value of the wave vector K, = (K,;, @) € 4,n. Then, the
velocity field is approximated by the sum

v(x7 V. t) = Z Cmnbmn exXp {ipmnx + iCImny - iant}, (612)

mn

where
pmn = Kmn COS @mna qmn = Kmn Sln @m?‘h an = Q(Kmn)a bmn = b(KWl}’l)

and (,,, are independent Gaussian variables with zero mean and variance

<‘Cmn|2> =l = / E; dk.
A’?UI

To generate the complex amplitude (,,, we use the MATLAB random number
generator to find (i) the random ‘phase’ 6, uniformly distributed in the interval
(0,2m) and (ii) the random (real positive) ‘amplitude’ 4,,, with distribution function

11— exp(_xz/lmn); Cmn = Amn exp(igmn)‘
Once we have a realization, (6.12), of the velocity field, we use the standard
MATLAB o.d.e.-solver to solve the system of two ordinary differential equations

x =v(x,y,t),
y=v(x,y,1),
with two different initial conditions: (x(0), y(0)) = (—%s, 0) and (x(0), y(0)) = (%s, 0).
The time step is chosen automatically by MATLAB to ensure relative accuracy 1073

and absolute accuracy 107°. Then we repeat this calculation with another realization
of the velocity field. Finally, we average over 10 realizations.

7. ‘Large’ passive tracer cloud: self-similar spreading

In this section we consider ‘large’ passive tracer clouds, when the ‘support’ of the first
function in (5.7) is much smaller than the ‘support’ of the second: 1/p(t) < (1/.27t)"/*;
this situation is shown schematically in figure 7.

7.1. Splitting the integration domain
We can introduce some intermediate scale J#°(t) such that

1
— LA () K

1
p(t) (A 1)1/
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Sin(Qk I)/Qk

k1 Kinin K(®)
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FIGURE 7. The situation where the ‘support’ of Nj is much smaller than the ‘support’ of
sin(Qyt)/ Q.

(figure 7) and split integration in (5.2) over k4 into two regions: |k4| < #'(t) and
|k4| > 24 (). In the first region we can replace sin Q4¢/Q4 by its limit at k4 — 0, which
is equal to t. Since in order to find the mean relative displacement we require only
the derivatives of Ny at k = 0 (see (4.4)), we assume that in equation (5.2) the vector
ky is ‘close to the origin’ (k; is smaller than any scale). Then, in the second region
we have |k;| = |ky4| > () > 1/p(t), and therefore, we can replace N3 by zero. In the
result, (5.2) takes the form

Ny =2 / ey + By2(Ns — NyJead (ky — ks — k) dg
|kq| <A (t)

—2N1 / ‘k] * b4| 0 &4 d4. (71)
|ka|>A(t) 4

We will see that the final result is independent of J#7(t).
Recalling the formula (4.4) for the tensor S of relative mean square displacement,
we differentiate equation (7.1) with respect to k; and then assume ky =0 = k; = ky

. in Q1
1§ ¢ / B.[1 — (210)% Ny]es dks — / B4SH;2 Lendky  (72)
[keq| <A (1) [keq|>A (1) 4

7.2. Assuming isotropy and self-similarity

Now we make three isotropy assumptions:

(i) The medium is isotropic; this means that the dispersion law depends only on
the wavenumber |k| = k, Q; = Q(k), and the integral of the polarization matrix By
over angular variables ¢ of k is proportional to the identity matrix /

1 1 2 if d =2, e
/Bde,‘—Id/dC—ldx{41t fd=3 (dk = k7 dk d0).

In the two-dimensional situation, which we consider below, the polarization vector by

is given by the formula (3.12) where the parameter 0 can depend on k; and so

2n
/ B4 d¢4 =nl.
0

(i1) The velocity field is statistically isotropic, i.e. & = &(k).
(iii) The distribution of the passive tracer is isotropic, i.e. Ny(t) = N(k,t), and
therefore,

2

P
=

S d

Property (iii) is implied by (i) and (ii) if the initial condition is isotropic, Ny(0) =
N(k,0).



200 A. M. Balk
Integrating over d¢y in (7.2), we find

1d
grde’

2= t/ [1— (2n)2dN4]84ki% +/ Sin €t gadks
0 4 b

84k

sy (7.3)
xS * ks

In other dimensions d # 2 we would have the same equation, but with a different
factor only in the left-hand side, e.g. instead of 8r in two dimensions we would have
16w in three dimensions. Though we consider the two dimensional case, we keep
general d in (7.3), because this allows us to obtain the converge conditions for an
arbitrary d.

Let us further assume that the dispersion law and the energy spectrum are power-
law functions of the wavenumber, Q, = .&Zk*, ¢, = €k~ (in the inertial range), and
the function N(t) has a self-similar form

Ni(t) = N(p) where p=kp(t). (7.4)
Now we transform integrals in (7.2); introducing new integration variables
P = kyp(t) (for the first integral), and y = .oZk;t (for the second integral),

we have

PP _ tp'—d /M 1 — (2m)*N, dp + lt(ﬂt)("w*d)/a /ﬂ sin y dl
4ne 0 p p o« s YOIy
Since #'p > 1 and /4t < 1 (figure 7), we can rewrite these integrals in the form
/%-p 1— (27t)2de @ _ /L 1— (Zﬂ)szp dl N /jp dﬁ-@
0 [ T S A

/m SiIl)i(i)Jz/OCSiIIJ/(iJ/+/[ y(d—v)/adiy'
g YITOD/y | yHo=dey A A y

where L is sufficiently large that N, is practically zero for p > L, and [ is sufficiently
small number such that sin y is practically y for y < I. So

. L 2d
pp o—d 1 —(2n)**N, dp 1 A de
—— = 7 B —— _— K f— L ’
e e e R el ]

1 i * siny dy o e TS
+&t(szit)(/ 1)/ {/, . A [l(d )/ _(%Zf t)(d )/ ]}

-0/ y g —y
We see that the scale J#°(t) drops out and we find the following equation
pp = abtp’~" + bGt(A )=V (7.5)

where

Lq_ 2 d—y
a = 4n lim {/ (2”“31 Npde L },
L—w 0 pl_ p d_'y

. [1 [* siny dy @)/

The factors a and b are dimensionless. The extra terms in these formulae (the finite
terms, without integrals) ‘help the integrals to converge’, or, more precisely, they
widen the region of the exponent y for which the limits are finite. The factor a is
finite if y < d 4+ 2 (provided N, — 0 sufficiently fast as p — 0). The factor b is finite
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if d —20 <y <d+ 2a. Thus, the condition
d—20 <y <min(d + 2,d + 2a)

is necessary for the applicability of equation (7.5).
In non-dimensional form, when length and time are measured in units ¢ and =,
respectively, equation (7.5) is

pp = atp’™ 4 bt TO=/ (7.6)
(see also §1.3.4).
If y < d, then
0 2d 0 o3
o

o P p o Jo ¥
the exponent 4 and the integral I;(1) are defined in (3.9); to establish the last equality,

we integrated by parts.
If y > d, then

“1—(2n)*N,d 4n [Ty —si
a=4n/ #iBo, p=—"T [ YTV, o,
o P p xJo Y

here, the first inequality follows from the properties (iv), (v) in §4.3.

7.3. Evolution of the diameter of the passive tracer cloud

If y < d, then initially (for small t) the second term on the right-hand side of (7.6)
dominates the first one; let us find the condition when this dominance is preserved
as t — oo:

) , b /0=
b s faltpr = P (2 . (1.7)
t!/ |al

If we neglect the first term on the right-hand side of (7.6), then

2bt)~ _ 24n11(i)
A o

pp = btV o P — pf = " (7.8)
The dominance (7.7) holds as t — oo if %)» > 1/0 < 0 < 0; the latter inequality was
assumed in the beginning, §1.2. When y < d, the mean square displacement o? is
finite, and equation (7.8) means that p*(t) — p3 = 20?(t) (compare (7.8) with (3.19)).
This p(t) corresponds to the average distance between two uncorrelated particles.
Since the factor a is negative, the correlation slows down the growth of the relative
displacement. On the other hand, if y > d, then a > 0 and b < 0, which means that
the relative displacement between two particles grows owing to the correlation.

If y > d, then initially (for small ¢) the first term on the right-hand side of (7.6)
dominates the second one; let us find the condition when this dominance is preserved
as t — oo:

d 1+(y—d)/ P b\
P— +(y—d)/o
atp”™ > |bjt'™Y = > (|a|) . (7.9)
If we neglect the second term on the right-hand side of (7.6), then
t? 2
)y = at y—d 2/v _ 2/v — a h = — > 0 710
pp=atp’”™" =p Po y Where v=Sm (7.10)
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As t — o0, p(t) grows like ¢, and the dominance (7.9) holds if v > 1/a, which is again
equivalent to the condition § < 0 assumed in §1.2.
Thus,

V2b iy <d,

7.11
(a/v)'?e if y>d. (7-11)

as t — oo, p(t)~{

Let us stress, when we say t — oo, we mean ¢ > 7 (in non-dimensional form t = 1),
but still t < T,.. While the constant b is easily calculated (see (7.8)), the calculation
of the constant a requires the solution of the integral-differential equation for the
function N,.

The derivation of the diameter equation (7.6) requires that the passive tracer cloud
be large enough, i.e. the ‘support’ of the first function in (5.7) is much smaller than
the ‘support’ of the second: 1/p(t) < 1/t'/*; see figure 7. Will this condition hold
as t — oo (when the initial diameter p, becomes negligible)? According to (7.11), the
answer is ‘Yes’, provided é < 0, the condition assumed in §1.2.

8. Conclusion

In this paper we have answered the two physical questions formulated in §1.1.

The developed approach can be applied to several other problems. In particular,
we intend to apply it to the problem of wave propagation through a random medium
when there is a wide range of heterogeneity scales. The wavelength of the propagating
signal is well inside this range. Such a problem arises, for example, in geophysics (see
Sato & Fehler 1998).

We also intend to apply the developed approach to a few problems of wave
turbulence in which the wave kinetic equation does not work.

The rigorous mathematical justification of this approach is interesting because the
above predictions are observed only statistically, on average over many realizations;
the individual trajectories of the tracer particles significantly deviate from each other.
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